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1. Introduction 



One-loop scalar n-point integrals in D > 4 dimensions are interesting objects. Via di- 
mensional shifting, they occur in the 0{e) part of the one-loop n-point MHV amplitude 
in L) = 4 — 2e dimensions [1, 2, 3], and connect scalar integrals in {D + 2) dimensions 
to tensor integrals in D dimensions [4]. Furthermore, it has been noted that they can be 
related to higher-loop integrals [5, 6]. If the number of dimensions matches the number 
of points, they feature dual conformal invariance [7], which strongly constrains their form. 
An example is given by the recently computed one-loop scalar massless hexagon integral in 
-D = 6 dimensions [8, 9], whose structure is strikingly similar to the one of the remainder 
function of two-loop amplitudes and Wilson loops [10, 11, 12, 13, 14]. In this contribution, 
we evaluate analytically the one-loop one-mass hexagon integral in D = 6 dimensions. The 
computation is made possible by use of the symbol map [14], a certain tensor calculus that 
allows us to resolve the functional identities among polylogarithms. Using the algorithm 
of Ref. [15], the symbol of the one-loop one-mass hexagon integral in D = 6 dimensions is 
then integrated to obtain the analytic expression for the integral. 



2. The one- loop one- mass hexagon integral 

Let us consider a scalar one-loop one-mass integral in D = 6 dimensions, 

with 



Do = k^ and A=|^fc + 5^Pij , for i = l,...,5, (2.2) 

where we have chosen the first momentum as spacelike. Then the mass shell conditions are 
p\ = < 0, and p? = 0, with i = 2, . . . ,Q. The momenta are taken all ingoing, such that 
momentum conservation reads 

6 

J2pi = 0- (2.3) 

i=l 

We consider the integral in Euclidean kinematics where all Mandelstam invariants are taken 
to be negative, {pi + . . . +Pj)^ < 0, and the integral is real. The one-mass hexagon integral 
is finite in D = 6 dimension, so that no regularization is required. We introduce dual 
coordinates [7, 16, 17], 

Pi = Xi- Xj+i , (2.4) 

with X7 = xi, due to momentum conservation. 

Since the integration measure in Eq. (2.1) is translation invariant, we can define k = 
xo — xi and the integral can be rewritten in terms of dual coordinates, 

jD=6 ^ f ^ I (2 K) 

^6,m / - 3 2 ™2 ™2 ™2 „2 „2 ' y^"^' 

J t/i -^01 ■''02 ■''03 ■''04 -^05 -^06 
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with xfj = {xi — Xj)"^ = {pi -\- . . . The mass shell conditions become = 

and X22 = x\^ = x\ = a;|g = x'^i = 0. The integral (2.5) is invariant under a Z2 symmetry 
that maps the dual variables as follows, 

Xi -H- X2 , X3 ■<->■ X6 , X4 -H- X5 . (2-6) 

In Ref. [7] the notion of dual conformal invariance was introduced, i.e., the action of the 
conformal group on the dual coordinates Xj. The integral (2.5) transforms covariantly under 
dual conformal transformations. A direct consequence of the dual conformal covariance is 
that can only depend on dual conformal cross ratios, up to an overall prefactor 

which carries the conformal weights. For the one-mass six-point kinematics, there are four 
independent cross ratios, given in terms of dual coordinates by 

/y2 /-i-i^ /T"^ />i2 ™j2 0^2 ^2 

'^'25 •''36 -^36 ■''U •*'14'*'25 •*'13 -^26 

Under the Z2 symmetry (2.6), the cross ratios ui and U2 are exchanged, while U3 and U4 
stay invariant. In terms of the cross ratios (2.7), /g?^^ can be written as 

l6,m^ = -2 \ 2-^(i,miui,U2,m,U4) , (2.8) 

^14 ^25 ^36 

where the function Xg^m is manifestly dual conformal invariant, 

l6,m{ui,U2,U3,U4) = C(ui, U2, "3, '"4) , (2-9) 

V A 



with 

A = {ui + U2 + u^ — U1U2U4 — 1)^ — 4:UiU2Us (1 — U4) . (2-10) 

Note that U4 vanishes in the massless limit xf2 — >■ 0, and l6,m is reduced to the massless 
function Xg defined in Refs. [8, 9]. 

It is easy to derive a Fcynman parameter representation for the one-loop one-mass 
hexagon integral in six dimensions, 



(2.11) 




V,-i \ 'ti J^6,m(Q;i,---,a6)'' 



where m is defined as 



6 

J^6,m{ai, . . . , ae) = ^ ttj aj (-x^^) , (2.12) 

i<j 



and S denotes a subset of {1, . . . , 6}. A theorem by Cheng and Wu [18] then guarantees 
that the Feynman integral is independent of the choice of S. In the following we choose 
S = {6}, i.e., we freeze the integration variable uq to 1. The integrations over 0:4 and 
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are now trivially performed, leaving us only with a conformally invariant integral to 
compute, 



r°° daida2da3 (2.13) 

JO (^2 + «! + 02) (""4 ai + til 03 + 0.2){U4 ai 02 + ^2 + 03 + "3) 

This integral can easily be performed in terms of multiple polylogarithms, leaving us with 
a rather complicated combination of multiple polylogarithms of weight three. The remark- 
able simplicity of the massless one- loop hexagon integral in six dimensions [8, 9] however 
suggests that it should be possible to rewrite the result in a much simpler form, a form hid- 
den behind a plethora of complicated functional identities among multiple polylogarithms. 
These functional identities can be resolved by using the symbol map [14] which we review 
in the next section. 

3. The symbol map 

The cornerstone of the simplification of the two-loop six-point remainder function [10, 11, 
12, 13] is the introduction of the symbol map [14], a linear map S that associates a certain 
tensor to an iterated integral, and thus to a multiple polylogarithm. As an example, the 
tensor associated to the classical polylogarithm Li„(a;) is, 

S{Un{x)) = -(1 - x) (g) X (g) . • . X . (3.1) 

(n— 1) times 

Furthermore, the tensor maps products that appear inside the tensor product to a sum of 
tensors, 

...0{x-y)0... = ...0x^... + ...^y0.... (3.2) 

It is conjectured that all the functional identities among (multiple) polylogarithms are 
mapped under the symbol map S to algebraic relations among the tensors. Hence, if the 
symbol map is applied to our expression for ZQ^miui,U2,us), it should capture and resolve 
all the functional identities among the polylogarithms, and therefore allow us to rewrite 
the result in a simpler form. 

Even though deriving the symbol of the one-loop one-mass hexagon is a rather simple 
exercise, integrating the symbol back to a function can be much more involved. This can 
however be achieved by using the algorithm developed in Ref. [15], which, after a suitable 
choice has been made for the functions that should appear in the answer, allows us to 
reduce the problem of integrating the symbol to a problem of linear algebra. However, in 
order to apply this algorithm it is important that all the arguments that enter the tensor be 
multiplicatively independent. As in our case the arguments of the polylogarithms involve 
square roots of A, this requirement would not be fulfilled. We may remedy this situation 
by parametrizing the cross ratios (2.7) as 

1 V {l-u){y-x) v-x 
Ul = , U2 = , Us = , U4 = , (3.3) 

1 — y v — u [l — y)[u — v) v 
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such that 

^^ux-yL (34) 

We note in passing that the Jacobian of the parametrization (3.3) is non zero for generic 
values of the parameters. 

In a nutshell, the algorithm of Ref. [15] proceeds in two steps: 

1. Given the symbol S{C) of the one- loop one-mass hexagon, construct a set of rational 
functions {Ri{u,v,x,y)} such that, e.g., symbols of the form S{Lin{Ri{u,v,x,y))) 
span the vector space which S{C) is an element of. 

2. Once a suitable set of rational functions has been obtained, make an ansatz 

C{u,v,x,y) = '^CiU3{Ri{u,v,x,y)) +^CijU2{Ri{u,v,x,y)) lnRj{u,v,x,y) 

i ij 

+ '^Cijk In Ri{u,v,x,y) lnRj{u,v,x,y) lnRk{u,v,x,y) , 

(3.5) 

where the Cj, Cij and Cijk are rational numbers to be determined such that 

S{C) = S{C) . (3.6) 

As the objects appearing in this last equation arc tensors (i.e., elements of a vector 
space), the coefficients Cj, Cij and Cijk can equally well be seen as coordinates in a 
vector space, and the problem of finding the coefficients reduces to a problem of linear 
algebra. 

We have implemented the algorithm of Ref. [15] into a Mathematica code, which we have 
applied to the function C{u,v,x,y). The result is discussed in the next section. 

4. The one-mass hexagon revealed 

We have found that in the regions where A is negative or where all the ii's are smaller than 
1, we can write the function (2.9) as 



-EE(^3«,'X-,)-^4«,, 

1=1 7 = 1 ^ 



2 / , 2 

3 — _|_ 



Va 

+ 2 ^-^1(^2^1' ^2, l) "I" ^1 (-^2^2' ''"2,2)) (^2^1(^1^11 ^1,1) ^1 (^1^2' -^1,2) 
+^1 (^1^1' ^1,1) ^1 (^3^1' ^3,1) + ^1,1-^ ^l(^3^2' ^3,2) + ^l(^1^2' ^1,2) ^1 (^3^1' ^3,1) 



+£l{Xi 2j ^1,2) ^l(^3^2' ^3,2) + 2^1 (^3^1' ^3,1) ^l(^3^2' ^3,2)) 



(4.1) 
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where 

(-1) 



L3(x+,x-) = ^i_L in'=(a;+^-) (^3_,(x+) , 

Inix) = \ (Li„(x) - (-l)"Li„(l/x)) , (4.2) 



and 



Inix-^.X-) = ln{x+) - ln{x-) . (4.3) 

In order to define the arguments of the logarithmic functions, we introduce the variables 

_1_ Ul+ — U1U2U4 — 1 it s/A 

= 2uiU2U3{l - U4) xf^ . (4.4) 
As functions of the cross ratios, the arguments of the logarithmic functions are, 

X^.^{ui,U2,U3,U4) = U3xf^, 

± . (1 - U3)x^ - 2U1U2U3U4 

X2i{ui,U2,U3,U4) = — 7- 7-, 

' 2U2Us{l — Us — U1U4) 



3^3 l{ui,U2,U3,U4) 



2M2M3 



±f . U4{X^{1 - U1U4) - 2uiU3{l - U4)) 

X4Aui,U2,U3,U4) = — — 

2[1 — U4)[l — U3 — U1U4) 

± / ^ - 2ui(l - U4) 

X^l{Ui,U2,U3,U4) - 
xf^l{ui,U2,U3,U4) 
X^^{ui,U2,U3,U4) 

X^M\,U2,U3,U4) = —— -, (4.5) 

2u\[\ — U3 — U2U4) 

and a:;^2('"i) ^2, ^^3, ^^4) are defined from x^j^(ui, U2, us, tf4) by exchanging u\ and M2, 

xf.2{uX,U2,U3,U4) = xfAu2,Ux,U3,U4) , Z = l,...,8. (4.6) 

Hence, under the Z2 symmetry, xf^ -H- xf^i thus making Eq. (4.1) manifestly symmetric. 
Furthermore, in the massless limit -^4 ^ 0, we obtain 



21x1^4(1 — U2) 


•> 


- 2uiit2(l - 


U4) 


2ui(l -U2)(l - 


U4) ' 


(1 - UXU4)X^ - 


2nitt3(l — U4) 


2U3{\ - 


- Ul) 


- 2uiU3 





X— ^ ^ iT^^^ /y»^^ /y»^^ V ri^^^ /y»^~ /y»^^ V ^ 

l,j ^ X-i , -^2,1' -^3,1 ^ •^2 ' -^2,2' -^3,2 ^ -^3 ' 

^ti^O' ^oo, a;Ji^l/a;^2, ^ , (4.7) 



with j = 1,2, and where the massless hexagon variables are 



^±_^.^± i-123 ± _ ^i + n2 + U3-l±VA^ 
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with Aq = (ni + U2 + U3 — 1) — Thus the terms which depend only on j, with 

i = 1,2, 3, immediately reproduce the massless hexagon. Therefore the contributions from 
the other variables must vanish. To see that this is the case, we note that 

-L3(x+,X") = -L3(x",x+) = L3 (-^, 

\X+ X 

Ux) = . (4.9) 

Let us take for example the terms in Eq. (4.1) which depend only on , 



2 



+ L3{xl2,H,2) - g(^l(<2) - ^1^2))^ - y(^i(<2) -^lK2)) " 



(4.10) 



In the massless limit, this becomes 

^3«i,X6-i) - lihix+i) - iliXe,,))' - - ^iKl)) 

r ( ^ 1 
= 0. 



^_ l(^,(^+^)_£,(^-^))3_!^r.,..+ 

.;„•.:) K"fe)-"(i))"-^H4)-"{i 



(4.11) 

The same reasoning shows that the terms depending on ■ and ■ cancel each other. 
The terms depending on xfj and xfj are slightly more subtle, because the functions in{x) 
are divergent when a; approaches either or 00. Let us concentrate on xfj. Using the 
inversion formulae for the polylogarithms, 

Lii(x) = Lii(l/a;) + ln(— x) , 

1 TT^ 

Li2(x) = -Li2(l/a;) - - ln^{-x) - — , (4.12) 

Li3(x) = Li3(l/x) - ^ In'i-x) - ^ In(-x) , 
we can write the in functions in the form, 

ii{x) = Lii(x) + ^ In(-x) , 

hix) = Li2(x) + 1 ln\-x) + ^ , (4.13) 

1 o 7r2 
4(x) = Li3(x) + — ln\-x) + — In(-x) . 

In the limit x — 0, the in function splits into two pieces, a polylogarithmic piece that 
vanishes powerlike and a logarithmically divergent piece. A little algebra then shows that 
the logarithms conspire in such a way that 

Jim (l3(x+,X4-^.) - l{ii{xtj)-£i{x:,)r - ^ihixtj) - ^iK,))) =0. (4.14) 
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The same reasoning of course applies to x^j. Thus, in the massless hmit U4 0, Eq. (4.1) 
reduces to the massless hexagon [8, 9]. 

We stress that Eq. (4.1) is vahd only in the regions where A < 0, or where all the u's 
are smaller than 1. Outside those regions, the analytic structure of Eq. (4.1) seems to be 
more complicated. We plan to study that in the near future. 

5. Conclusions 

In this paper, we have continued the exploration undertaken in Ref. [8], and we have 
computed analytically the one-loop one-mass hexagon integral in D = 6 dimensions. Just 
like for the massless hexagon integral, the result is given in terms of standard polylogarithms 
of uniform transcendental weight three, and in the massless limit it reduces manifestly to the 
massless hexagon. The similarity in structure between the massless and one-mass hexagons, 
coupled with the similarity between the one-loop massless hexagon in D = 6 dimensions 
and the remainder function of the two-loop hexagon Wilson loops and amplitudes in D = 4 
dimensions, points to a similar simple structure for hexagons with more masses in D = 6 
dimensions and for Wilson loops and amplitudes with 7 or more points in D = 4 dimensions. 
This is left for future work. 
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